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right Cayley graphs of groups

G group and C' C G ~ Cay(G, C) (directed) Cayley graph

vertices V =G
arcs A: (a,b) for each ¢ € C such that a-c=1b

examples
Cay(Zg,{1}) Cay(Ds3,{a,b}) (a* =b* =

Cay Zz x Z3,1(1,0),(0,1)})
QQy (D3, {a,ab}) QIQA

Obs: Cay(G,C) connected <— < C >=G (from now on always)
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Cay(As, {23)(45), (124)}) Cay(54,{(34). (123)})Ca(A [(23)(45) (145)})



~full

Cay(Zsa x S, {(0, (12)), (0

23)), (1, (12)(34)) })

Cay(54,{(12),(23), (34)})

Cay(Zy x As,1(1,(12)(35)), (1, (24)(35)), (1, (23)(45))})
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Colormg Cayley graphs

(ignore orientations)
Obs: clique-number w of Cayley graphs unbounded (Cay(G,G) = K,,)
Thm[Lubotzky, Phillips, Arnak '88]: Thm[Godsil, Imrich '87]: every

Cayley graphs not y-bounded graph induced subgraph of Cayley
(high girth expanders) graph (Sidon sets)
Quest[Babai '78]: How about (semi)minimal Cayley graphs?
Cay (G, C) is:
minimal if < C >= G inclusion-minimal
semiminimal if < ¢1,...,cx >=G and and ¢; €< c1,...,¢,1 >V,

Prop[Babai “78]: every I' C Cay(G, C') has edge-coloring s.th:
every vertex sees every color at most twice and
el c\V/ery cycCle sees no color exactly once, if minimal
every cycle sees some color more than once, if semiminimal
no lonely color
some popular color



Colorlng Cayley graphs

|gnore or|entat|ons)

'Jjb_ﬂnvun-a ------------- ) ———————"n---_“ — I
Thm[Lubotzky, Phillips, Arnak '88]: Thm[Godsil, Imrich '87]: every
Cayley graphs not y-bounded graph induced subgraph of Cayley
(high girth expanders) graph (Sidon sets)
Quest[Babai '78]: How about (semi)minimal Cayley graphs?
Cay (G, C) is:

minimal if < C >= G inclusion-minimal

semiminimal if < ¢1,...,cx >=G and and ¢; €< c1,...,¢,1 >V,

Prop[Babai "78]: every I' C Cay(G, C) has edge-coloring s.th:
every vertex sees every color at most twice and
el c\Very cycle sees no color exactly once, if minimal
every cycle sees some color more than once, if semiminimal
no lonely color

~ minimal = w < 3
some popular color ~» semiminimal = w < 4
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Quest[Babai '78]: How about (semi)minimal Cayley graphs?

Cay (G, C) is:
minimal if < C >= G inclusion-minimal
semiminimal if < ¢1,...,cx >=G and and ¢; €< c1,...,¢,1 >V,

Prop[Babai "78]: every I' C Cay(G, C) has edge-coloring s.th:

every vertex sees every color at most twice and
el c\Very cycle sees no color exactly once, if minimal

every cycle sees some color more than once, if semiminimal

no lonely color ~s minimal = w < 3

S ~> Sparse cuts
some popular color ~» semiminimal = w < 4
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Quest[Babai '78]: How about (semi)minimal Cayley graphs?

Cay (G, C) is:
minimal if < C >= G inclusion-minimal
semiminimal if < ¢1,...,cx >=G and and ¢; €< c1,...,¢,1 >V,

Prop[Babai "78]: every I' C Cay(G, C) has edge-coloring s.th:

every vertex sees every color at most twice and
el c\Very cycle sees no color exactly once, if minimal

every cycle sees some color more than once, if semiminimal

no lonely color ~s minimal = w < 3

some popular color ~» semiminimal = w < 4
Thm[Spencer '83]: many forbidden subgraphs for miminal Cayley graphs

~> Sparse cuts

Conj[Babai "78]: M : every some popular color graph has x(I') < M
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let I';, popular color graph with v = k and order n

> Dpyr I'y I';.
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X set of nk independent vertices
VY C X of n vertices glue I'y,
every new cycle has to use some matching twice ~~» popular color
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Popular color %raphs of unbounded vy

ollowing Tutte)
let I';, popular color graph with v = k and order n

> Dpyr I'y I';.

- Y’ 0N >
X set of nk independent vertices
VY C X of n vertices glue I'y,
every new cycle has to use some matching twice ~~» popular color
k-coloring f(I'x11) ~> monochromatic set Y C X of size % =n
~+ only k£ — 1 colors for I'y...contradiction
> X(Pkt1) > k

Conj[Babai '78]: dM : every no lonely color graph has x(I') < M

Open special cases:

if I' can be partitioned into matching cuts, then x(I') < M
if I' is minimal Cayley graph, then x(I') < M
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Lemma|Babai’'78]:
if N <G and C C G/N then x(Cay(G,CN)) < x(Cay(G/N,C)).

Cor[KG-M]: every G has a minimal Cayley with x < 3.

Lemma|KG-M]: for any minimal Cayley graph we have
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Lemma|Babai’'78]:
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Lemma|KG-M]: for any minimal Cayley graph we have
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®(G) = {r € G| z in no minimal generating set} <G (G

~Frattini group

if c1®(G)---c®(G) = cP(G) then Cay (G, C)
C11 -+ CkP = C

— < (C—c)UP(G) >=C
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G /®(G) abelian, e.g. p-groups
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Lemma|Babai’'78]:
if N <G and C C G/N then x(Cay(G,CN)) < x(Cay(G/N,C)).

Cor[KG-M]: every G has a minimal Cayley with x < 3.

Lemma|KG-M]: for any minimal Cayley graph we have
X(Cay(G, C)) < max({x(Cay(G/ < C —c>,c)) | c€ C}.

Thm[KG-M]:
minimal Cayley graphs of Dedekind groups have x(Cay(G, C)) < 3.

Lemma|KG-M]: for any minimal Cayley graph we have
x(Cay(G,(C)) < x(Cay(G/®(G),C/P(G))). < minimal Cayley, too

Thm[KG-M]:
minimal Cayley graphs of Nilpotent groups have x(Cay(G, C)) < 3.

Thm[KG-M]:
minimal Cayley graphs of generalized Dihedral groups have x(Cay(G,C)) < 3.
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3—Coloring minimal Cayley graphs
Lemma|Babai’'78]:
if N <G and C C G/N then x(Cay(G,CN)) < x(Cay(G/N,C)).
Cor[KG-M]: every G has a minimal Cayley with x < 3.

Lemma|KG-M]: for any minimal Cayley graph we have
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minimal Cayley graphs of Dedekind groups have x(Cay(G, C)) < 3.
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minimal Cayley graphs of generalized Dihedral groups have x(Cay(G,C)) < 3.
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More minimal Cayley graphs

X(Cay(Zs x Z7,{(0,1),(1,0)})) =4




More minimal Cayley graphs

X(Cay(Zs x Z7,{(0,1),(1,0)})) = 4

our Thms + Frattini-Lemma + GAP + SageMath
~ x < 4 for all minimal Cayley on up to 223 vertices









Cay(Q32,C) = KX

L ast slide
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Cay(Q32,C) = KX -

How about semiminimal Cayley graphs of abelian groups?
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Cay(Q32,C) = KX -

How about semiminimal Cayley graphs of abelian groups?

Conj[Babai '96]:Ve > 034 minimal Cayley graph I' such that o(T") < ¢|T'|.
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Conj[Babai '78]: M : every minimal Cayley graph has x(I') < M

M >4
Conj[Babai '78]: IM : every semiminimal Cayley graph has x(I') < M
o o
\ ~ M >T7
Cay(Qgg, C) = KX -
o
| !

How about semiminimal Cayley graphs of abelian groups?

Conj[Babai '96]:Ve > 03 minimal Cayley graph I' such that o(I") < ¢|T'|.

How about graphs that can be partitioned into matching cuts?



